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Abstract
The algebra of generalized linear quantum canonical transformations is ex-
amined in the perspective of Schwinger’s unitary-canonical operator basis.
Formulation of the quantum phase problem within the theory of quantum
canonical transformations and in particular with the generalized quantum
action-angle phase space formalism is established and it is shown that the
conceptual foundation of the quantum phase problem lies within the algebraic
properties of the canonical transformations in the quantum phase space. The
representations of the Wigner function in the generalized action-angle unitary
operator pair for certain Hamiltonian systems with dynamical symmetry are
examined. This generalized canonical formalism is applied to the quantum
harmonic oscillator to examine the properties of the unitary quantum phase
operator as well as the action-angle Wigner function.
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I. INTRODUCTION AND REVIEW
The quantum mechanical operator realization of the classical phase observable, well-known
as the historical quantum phase problem, is one of the oldest problems in quantum me-
chanics. In the quest for a correspondence between the classical action-angle variables and
their quantum counterparts, Born, Heisenberg and Jordan have investigated1 the problem
in the earliest days of quantum mechanics in the general perspective of building a theory
of quantum canonical transformations and their unitary representations. The search for a
quantum phase operator within this canonical perspective has specifically begun in one of
Dirac’s early works2 in 1927 where the principal motivation was to extend the principle of
correspondence to that between the classical action-angle (AA) variables and their quantum
counterparts. The quantum phase problem was then followed by the works of Heitler3 and
Louisell4 where it was examined in terms of the quantization of the electromagnetic field.
The introduction of trigonometric Hermitian phase operators by Susskind and Glogower5
created a trigonometric approach to the phase problem. At this point, a landmark was made
by the introduction of the coherent state formalism by Glauber6 and, with the development
of laser physics in the 1960s, the theoretical and experimental investigation of the properties
of quantum phase became mainstream in quantum optics. On the other hand, contemporary
to Glauber’s work, Carruthers and Nieto in their seminal paper7, wisely entitled as Phase
and angle variables in quantum mechanics, revived the interest on the canonical approach
advocated in the early days of quantum mechanics. Since our interest in the current work
is within the canonical perspective, we will refer the interested reader to, for instance, some
recent reviews on the quantum phase as seen from the perspective of quantum optics.8,9
In search for the quantum counterpart of the classical AA pair, the canonical perspective
in the quantum phase problem was furthered mainly by the works of Rocca and Siruge10,
Boyer and Wolf11, Moshinsky and Seligman12, as well as Luis and Sanchez-Soto13 and more
recently by Lewis et al.14 In an earlier work15, we introduced a different canonical-algebraic
approach to the quantum phase problem from those in Ref’s [11-14] by starting from the
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generalized discrete unitary-cyclic finite (D) dimensional representations of the quantum
phase space distribution functions in terms of Schwinger’s operator basis.16,17 There are two
crucial properties of these representations from the quantum phase operator point of view.
The first one is that Schwinger’s operator basis supports discrete cyclic finite dimensional
subalgebraic representations with non-negative norms in the D dimensional Hilbert space
HD. These cyclic and admissible representations are known to be crucial for the existence
of the phase operator in an arbitrary but finite dimensional algebra. On the other hand, the
second crucial property is connected with the fact that the complete set of elements of the
discrete finite dimensional cyclic Schwinger operator basis are the generalized dual repre-
sentations of the standard Wigner-Kirkwood (WK)18 ones of the quantum phase space.15–17
Moreover, these elements are the generators of the discrete area preserving diffeomorphism
on the two-dimensional toroidal lattice ZD × ZD which are known to respect the Fairlie-
Fletcher-Zachos (FFZ) sine algebra.19 As the dimension D is extended to infinity, a limit to
continuum can be realized where the connection with Arnold’s infinitesimal area preserving
diffeomorphism20 on the continuous 2-torus is established. Hence, the representations of
the quantum phase space in terms of Schwinger’s unitary-canonical operator basis paves
a direct route to the algebraic formulation of the quantum phase operator in connection
with the linear quantum canonical transformations (LCT). By this argument we imply that
the algebraic formulation of the quantum phase problem is connected, through the Wigner-
Weyl-Moyal (WWM) correspondence, with the existence of a canonical formalism of the
quantum action-angle (AA) operators in the quantum phase space (QPS). This correspon-
dence, although it will be shown to be manifest for arbitrary but finite dimensions leading
to the finite dimensional algebraic realizations of the AA Wigner function, yields the desired
correspondence between the quantum and the classical AA formalisms only in the transition
to the continuum limit.
The main purpose of this article is to extend the canonical-algebraic approach to the quan-
tum phase problem in Ref. [15] by formulating this correspondence explicitly in terms of the
generators of the LCT. The quantum AA operators will be found in terms of the generators
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of the LCT and it will be shown that the angle operator unitary-canonical to the quantum
action will be identified as the unitary quantum phase operator.
Here we review some relevant parts of Ref. [15] for the completeness of the present work.
Some additional material is also included in the appendix. The duality relations between
the discrete generalized WK phase space operator basis ∆(~n) and the Schwinger operator
basis Sˆ~m can be expressed as
15
∆ˆ(~n) =
1
D3/2
∑
~m
e−iγ0 (~m×~n) Sˆ~m , Sˆ~m =
1√
D
∑
~n
eiγ0 (~m×~n) ∆ˆ(~n) , (1)
where ~m = (m1, m2), ~n = (n1, n2) are vectors in ZD × ZD; ~m × ~n ≡ (m1n2 −m2n1), γ0 =
2π/D, with D describing the dimension of the cyclic representations. Here the Schwinger
operator basis Sˆ~m is defined in terms of a finite dimensional unitary cyclic operator pair
(Uˆ , Vˆ) such that
Uˆm1 Vˆm2 = eiγ0m1m2 Vˆm2 Uˆm1 , Sˆ~m = e−iγ0m1m2/2 Uˆm1 Vˆm2 . (2)
The D dimensional cyclic eigenspace {|v〉k}0≤k≤(D−1) and {|u〉k}0≤k≤(D−1) of the operators
Uˆ , Vˆ satisfy
Uˆ |v〉k = eiγ0k |v〉k , |v〉k+D = |v〉k
Vˆ |u〉k = e−iγ0k |u〉k , |u〉k+D = |u〉k
Uˆ |u〉k = |u〉k+1
Vˆ |v〉k = |v〉k+1
(3)
and define a unitary Fourier duality as
{|v〉} = Fˆ {|u〉} , where (Fˆ)k,k′ = 1√
D
e−iγ0 k k
′
, Fˆ † = Fˆ−1 (4)
where, the dual picture implies a Fourier automorphism on Uˆ and Vˆ in a sequence of trans-
formations as
(Uˆ
Vˆ
)
Fˆ−→
( Vˆ
Uˆ−1
)
Fˆ−→
(Uˆ−1
Vˆ−1
)
Fˆ−→
(Vˆ−1
Uˆ
)
Fˆ−→
(Uˆ
Vˆ
)
. (5)
It can be shown that this Fourier operator duality between Uˆ and Vˆ implies
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Fˆ Sˆ~m Fˆ−1 = SˆRpi/2:~m , Fˆ4 = 1 , and R4π/2 = 1 (6)
where Rπ/2 : ~m = (−m2, m1) corresponds to a π/2 rotation of the vector ~m in the discrete
phase space.
Eq’s (2) and (3) imply for the properties of the Sˆ~m basis
Sˆ†~m = Sˆ−~m
Tr
{
Sˆ~m
}
= D δ~m,~0
Sˆ~m Sˆ~m′ = e
i γ0 ~m×~m′/2 Sˆ~m+~m′
(Sˆ~m Sˆ~m′) Sˆ~m′′ = Sˆ~m (Sˆ~m′ Sˆ~m′′) (associativity)
Sˆ~0 = I (unit element)
Sˆ~mSˆ−~m = I (inverse) .
(7)
The generalized discrete Wigner function W (~n) in the physical state |ψ〉 ∈ HD is defined
by15,17
W (~n) = 〈ψ|∆ˆ(~n)|ψ〉 (8)
where Eq. (8) complies with all fundamental conditions that a generalized quantum phase
space distribution should satisfy. The normalization of Eq. (8) is based on an appropriate
summation of the WK operator basis in Eq. (1) over the discrete phase space vector ~n. It is
possible to use different normalizations when both(or one of the) labels are(is) continuous
on the two dimensional torus. In these particular cases the phase space representations are
based on R × R or Z × R respectively. Different normalizations are necessary for different
choices of the phase space variables in order to obtain the appropriate continuum limit for the
Wigner function. For instance, the symmetric normalization is necessary when the discrete
phase space labels approach to the continuous ones simultaneously (i.e. ZD ×ZD → R×
R) such as in the case of canonical pair of coordinate and momentum x, p leading to the
continuous phase space distribution W (x, p). The limit to continuous action-angle Wigner
function W (J, θ) is recovered15 when one of the phase space labels is real and the other
remains to be an integer in the limit D → ∞; hence ZD × ZD → Z × R. In section.II
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we will base our formulation on the symmetric normalization as given in Eq. (1); whereas,
in section 4, the AA Wigner function will be examined using the appropriate asymmetric
normalization with Z× R without any loss of generality.
In section II we start the formulation of the LCT. The section II.A is devoted to the discrete
scenario where the elements of LCT are in SL(2,ZD). Their action on Schwinger’s discrete
cyclic operator basis is defined. The conditions of existence of a unitary-canonical partner
to the generator of LCT are found for an arbitrary Hilbert space dimension and, provided
such conditions are met, the existence of the unitary-canonical partner for each irreducible
representation is demonstrated in the strong operator sense.
In section II.B the continuous scenario is examined. The elements of the continuous LCT
are examined within the context of the irreducible representations of SL(2,R). The oper-
ators corresponding to the unitary canonical partners of continuous LCT within each one
parameter subgroup of SL(2,R) as well as the entire group are derived by the matrix el-
ements of the diagonal representations of the corresponding group elements. The section
III is devoted to the Hamiltonian system with its dynamical symmetry group corresponding
to the group of LCT. The unitary canonical partner to the generators of LCT is identi-
fied as the unitary phase operator and their equations of motion are derived separately for
Hamiltonians with continuous as well as discrete spectrum. The connections between the
quantum AA formalism and the dynamical symmetry is established at the operator level.
The section IV is devoted to the construction of the AA-Wigner function. The continuous
scenario is treated in section IV.a and the AA-Wigner function of the generalized oscillator
with a discrete cyclic spectrum is presented in IV.b. The limit to the quantum harmonic
oscillator AA formalism is also established.
II. GENERATORS OF THE LINEAR CANONICAL TRANSFORMATIONS
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A. On the discrete toroidal lattice ZD × ZD
The unitary Fourier automorphism in Eq. (5) implies the simplest discrete canonical trans-
formation ~m → Rπ/2 : ~m on the phase space labels as given by Eq. (6). It was shown in
Ref. [15] that Eq’s (5) are a special case of a more general automorphic sequence produced
by a unitary canonical transformation generator Gˆ with Gˆ† = Gˆ−1 where
Gˆ† Uˆ Gˆ = Sˆ~s , Gˆ† Vˆ Gˆ = Sˆ~t
Uˆ Gˆ−→ Sˆ~s Gˆ−→ Sˆs1~s+s2~t
Gˆ−→ ...
Vˆ Gˆ−→ Sˆ~t Gˆ−→ Sˆt1~s+t2~t
Gˆ−→ ...
(9)
Such a unitary generator satisfies
Gˆ† Sˆ~m Gˆ = SˆR:~m , where R : ~m = ~m′ = (s1m1 + t1m2, s2m1 + t2m2) (10)
with detR = ~s× ~t = 1 where ~s = (s1, s2) and ~t = (t1, t2) are two arbitrary labeling vectors
in ZD × ZD. Hence R ∈ SL(2,ZD). Eq’s (5) and (6) correspond to a special realization of
Eq. (10) when ~s = (0, 1) and ~t = (−1, 0). The application of Gˆ leaves Eq’s (7) covariant.
Using Eq. (10) in Eq. (1) it can be shown that Gˆ generates discrete canonical transformations
in the WK basis as
∆(~n′) = Gˆ†∆(~n) Gˆ = ∆(R−1 : ~n) (11)
where R−1 : ~n = ~n′ = (t2n1 − t1n2,−s2n1 + s1n2).
The explicit form of Gˆ and its irreducible representations have been studied in detail for
the specific case of D being a prime of the type D = 4k ± 1 where k ∈ Z, in connection
with the Schwinger operator basis by regarding Gˆ as the generator of the time evolution
(Hamiltonian) of the SL(2, ZD) oscillator.
21 Specifically, Gˆ has cyclic generators which can
be chosen as
g1 =

 1 1
0 1

 , g2 =

 g0 0
0 g−10

 , g3 =
{
 a −b
b a

 , a2 + b2 = 1(modD)
}
(12)
with periods D, D − 1 and 4k respectively. Here g0 is a primitive element of ZD where
gD−10 = 1(modD).
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For such D, the explicit form of Gˆ satisfying Eq’s (9), or more compactly Eq. (10), is given
by21
Gˆ = Gˆ(R) =


σ(1)σ(δ)
D
∑
~m e
iγ0[t1 m21+(t2−s1)m1m2−s2m22]/2δ {m1, m2}, if δ 6= 0,
σ(−2t1)√
D
∑
m1 e
iγ0m21/2t1 {m1(s1 − 1)/t1, m1}, if δ = 0, t1 6= 0,
σ(−2s2)√
D
∑
m1 e
−iγ0 m21/2s2 {m1, 0}, if δ = t1 = 0, s2 6= 0
(13)
where it is defined that δ ≡ 2− s1 − t2 and {m1, m2} ≡ Sˆ~m. Here σ(m) is the Gauss sum
σ(m) ≡ 1√
D
D−1∑
n=0
eiγ0 mn
2
(14)
It can be seen by direct inspection that Gˆ(R−1) = Gˆ−1(R) = Gˆ†(R) namely Gˆ is unitary.
Our main purpose in this section is to search for the condition of existence of a unitary canon-
ical partner Oˆ to Gˆ such that
Gˆ Oˆ = Ω Oˆ Gˆ , |Ω| = 1 , [Gˆ,Ω] = [Oˆ,Ω] = 0 . (15)
If Eq. (15) is satisfied for some pure phase factor Ω and a unitary Oˆ, then we consider
Eq. (15) as a generalized canonical commutation relation for the pair Gˆ, Oˆ. The Eq. (15)
then implies that Oˆ rotates the eigenspectrum of Gˆ in a cyclic order and visa versa. It
is beyond the scope of the manuscript to examine the characterization of the irreducible
representations of the most general group defined by Gˆ, Oˆ,Ω in Eq. (15) above. Here, we
will confine our attention to those relatively simpler cases leading to the unique irreducible
representations of the group in which the operator Oˆ becomes the unitary-canonical partner
of the generalized canonical transformation generator Gˆ. For this purpose, let us start with
the simplest case such that for some non-zero integers a, b, c we have
Gˆa = Oˆb = Ωc = 1 . (16)
Then we call the group defined by the elements Gˆℓ1 Oˆℓ2 Ωℓ3 , where ℓ1, ℓ2, ℓ3 are integers
defined (mod a), (mod b), (mod c) respectively, as a discrete Heisenberg-Weyl group Γ(a, b, c).
An explicit calculation yields that, the group elements are uniquely defined only when c
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divides both a and b (i.e. a = ca′, b = cb′ where a′, b′ ∈ Z). Furthermore, from Eq. (16) and
(15) we also have Ωa = Ωb = Ωc = 1 which implies that a, b, c must have a greatest common
divisor d. These results imply that a = dc′′a′, b = dc′′b′, c = dc′′ where c′′ ∈ Z. Without
loss of generality we will assume that c′′ = 1. The group defined by the Schwinger operator
basis S~m in Eq’s (2) and (3) with general elements as Uˆm1 Vˆm2 ωm3 where m1, m2, m3 are
integers (modD) is then a specific example of Γ(a, b, c) with a = b = c = D. The number of
irreducible representations of Γ(a, b, c) with a = da′, b = db′, c = d depends on the numbers
a′, b′. For a′ = b′ = 1 there is only one irreducible representation which is d-dimensional and
is given by the Weyl matrices22,
Gˆ → diag (1,Ω,Ω2, . . . ,Ωd−1) , Oˆ →


0 0 . . . 0 1
1 0 . . . 0 0
0 1 0 . . . 0
...
...
...
. . . 0
0 0 . . . 1 0


(17)
where a unitary Oˆ satisfying Eq. (15) exists as given in Eq. (17). For a′, b′ 6= 1, the number of
such irreducible representations is given by the product a′b′ and they are all d-dimensional.
Up to a unitary equivalence, each irreducible representation is isomorphic to that in Eq. (17).
The connection of direct product representation of Γ(d, d, d) and its connection with the
Chinese remainder theorem for the unique prime factorization of d was studied recently in
Ref. [23]. Each prime factor represents an independent physical degree of freedom allowing
the extension of the phase space formalism presented here to more than one degrees of
freedom.16,17 A similar decomposition can also be done for the more general group Γ(a, b, d)
with a, b, d as defined above. The correspondence between the discrete QPS action-angle
formalism with one degree of freedom and the classical one can be extended to more than
one degrees of freedom at an algebraic level. Within the purpose of this article we will
establish this correspondence only for the case with one degree of freedom and examine the
larger degrees of freedom in a separate work.
There is already an extensive literature on the representations of the discrete canonical
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transformations induced by Gˆ = SL(2,ZD). One particularly important limit in the discrete
scenario is when Gˆ is represented only by the rotational generator g3 in Eq. (12) corresponding
to the discrete fractional Fourier operator Fˆ1/k = Gˆ such that Gˆ4k = I. This limit has been
examined in detail both from the formal quantum mechanical24 and more applied, non-
algebraic perspectives25,26. For an arbitrary Hilbert space dimension the multiplicities of
the four distinct eigenvalues of the fractional Fourier operator Fˆ1/k are not identical25 and
neither Fˆ nor Fˆ1/4k has exact unitary-canonical partner in the sense of Oˆ satisfying Eq. (15).
B. Generators of the infinitesimal canonical transformations in R×R
The modular group SL(2,ZD) does not have a proper continuous limit into SL(2,R); hence,
we cannot take the formal limit D → ∞ in Eq. (10) to examine the continuous scenario.
We will base the continuous representation of linear canonical transformations in SL(2,R)
in the formal sense on
Gˆ†∞ Sˆ~α Gˆ∞ = Sˆ~α′ (18)
where ~α = (α1, α2) ∈ R × R is a continuous phase space vector, Sˆ~α are elements of the
continuous Schwinger operator basis16 and ~α′ = R : ~α with R ∈ SL(2,R) indicate the
transformation matrix with real elements. From here on we will be confined to the continuous
scenario in which we can drop the subscript∞ from the canonical transformation generators
Gˆ∞. The three one-parameter subgroups gj , (j = 1, 2, 3) of sl(2,R), as conventionally
represented by the three 2× 2 matrices, correspond to
Ω1(ψ) =

 coshψ/2 sinhψ/2
sinhψ/2 coshψ/2

 , Ω2(θ) =

 cosθ/2 sinθ/2
− sin θ/2 cos θ/2

 , Ω3(ϕ) =

 eϕ/2 0
0 e−ϕ/2


(19)
where Ωj ∈ gj, −∞ < ψ < ∞, −π < θ < π, and −π ≤ ϕ ≤ π. A generic group element
g ∈ SL(2,R) can be parameterized as
g =

α β
γ δ

 , where det g = 1 (20)
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with α, β, γ, δ ∈ R being functions of ψ, θ, ϕ.
The three Hermitian operators Kˆj , (j = 1, 2, 3) corresponding to the infinitesimal generators
of the transformation in each subgroup respect the commutation relations
[Kˆ1, Kˆ2] = i Kˆ3 , [Kˆ2, Kˆ3] = i Kˆ1 , [Kˆ1, Kˆ3] = i Kˆ2 . (21)
We are particularly interested in the continuous irreducible representation of Kˆj , (j = 1, 2, 3)
in the canonical phase space parameterized by ~α in Eq. (18). This particular representation
of the generators is given by
Kˆ1 = −i (α1∂α2 + α2∂α1)/2
Kˆ2 = −i (α1∂α2 − α2∂α1)/2
Kˆ3 = −i (α1∂α1 − α2∂α2)/2
(22)
where each irreducible representation acts on the Hilbert space of homogeneous polynomials
of degree 2ℓ, and, a definite parity ǫ where 2ℓ ∈ Z with ǫ = ± describing the odd(–) and
even(+) parity. Hence we characterize those irreducible representations using the standard
notation by Tχ(gj) where χ = (ℓ, ǫ) and the sector of the Hilbert space they belong to by
Hχ. Also, in the family Tχ(gj) we are particularly interested in the diagonal representations
of each generator in Eq. (22).
1. Diagonal representations of the j’th subgroup gj
We will describe the eigenvectors |eχj (γj)〉 in the diagonal representations Tχ(gj) characterized
by a particular j where j = (1, 2, 3) with their corresponding projections on the canonical
phase space 〈~α|eχj (γj)〉 ≡ eχj (~α, γj). Considering the simplest case of ℓ = 0 first, 〈~α|eχj (γj)〉
are given by
Tχ(Ω1) : e
χ
1 (~α, γ1) = C1
(
α1+α2
α1−α2
)iγ1
,
Tχ(Ω2) : e
χ
2 (~α, γ2) = C2
(
α1+i α2
α1−iα2
)γ2
,
Tχ(Ω3) : e
χ
3 (~α, γ3) = C3
(
α1
α2
)iγ3
(23)
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where γj ∈ R and Cj’s are constants based on an appropriate normalization by the inner
product < eχj (γj)|eχj (γ′j) >= δ(γj − γ′j). Eq’s (23) imply that
Kˆj |eχj (γj)〉 = γj |eχj (γj)〉 . (24)
Within each subgroup gj , (j = 1, 2, 3) we now define the unitary subgroup elements Gˆj ∈ gj
such that
GˆΓjj = e−iΓj Kˆj , (25)
where Γj ∈ R , (j = 1, 2, 3). The representations of Eq’s (25) in terms of 2× 2 matrices in
the phase space ~α =
(
α1
α2
)
are given by the Ωj ’s in Eq. (19), namely, the action of the each
group element Gˆj in Eq. (18) is given by
(GˆΓjj )† Sˆ~α GˆΓjj ≡ Sˆα′ = SˆΩj :~α . (26)
Within each subgroup gj there exists, in the Schwinger sense
15, a special canonical partner
denoted by Oˆj of Gˆj such that
GˆΓjj Oˆζjj = e−iΓj ζj Oˆζjj GˆΓjj . (27)
Eq. (27) implies that
GˆΓjj |eχj (γj)〉 = e−iΓj γj |eχj (γj)〉 , Oˆζjj |eχj (γj)〉 ∼ |eχj (γj + ζj)〉 (28)
where ∼ sign in the equation on the right indicates that the equality holds up to an in-
determinable phase factor which we consider to be irrelevant. Then Eq. (28) provides a
representation for the operator Oˆj in the diagonal representation of Gˆj . To complete the
picture, we consider for each subgroup gj, the diagonal representation of the Oˆj operator
such that
Oˆζjj |fχj (ηj)〉 = eiζjηj |fχj (ηj)〉 . (29)
From Eq’s (27) the action of GˆΓjj ’s on this basis can be found as
12
GˆΓjj |fχj (ηj)〉 ∼ |fχj (ηj + Γj)〉 . (30)
The ∼ indicates again that there is an overall indeterminable phase which we ignore without
any loss of generality. Then Eq’s (27-30) completely determine, in the weak sense, the
properties of the operator pair (Gˆ, Oˆ) within the Hilbert space of each subgroup gj as three
different realizations of the Schwinger operator basis. The connection between the eigenbasis
|eχj (γj)〉 and |fχj (ηj)〉 is given by the Fourier transformation
|fχj (ηj)〉 =
∫
dγj e
−i γj ηj |eχj (γj)〉 , |eχj (γj)〉 =
∫
dηj e
iηj γj |fχj (ηj)〉 (31)
where in short notation |fχj (ηj)〉 = Fˆ |eχj (γj)〉 with (Fˆ)ηj ,γj =
(
〈fχj (ηj)|eχj (γj)〉
)
describing
the matrix elements parameterized by (ηj , γj) of the unitary Fourier operator Fˆ . Via Eq. (31)
a Fourier automorphism is implied between the two eigenspaces for each j as
|eχj (γj)〉 Fˆ−→ |fχj (ηj)〉 Fˆ−→ |eχj (−γj)〉 Fˆ−→ |fχj (−ηj)〉 Fˆ−→ |eχj (γj)〉 . (32)
2. Diagonal representations of the entire group g
We now shift our attention from the parameterization of the diagonal representations to
those of the entire group g of which the three-parameter group element will be denoted by
Gˆ. For convenience of the calculations we adopt the unitary canonical form for Gˆ as27
GˆΛ = e−i ~Λ. ~ˆK , ~Λ = (Λ1,Λ2,Λ3) , ~ˆK = (Kˆ1, Kˆ2, Kˆ3) (33)
where ~Λ is defined on the sl(2,R) invariant group manifold characterized by the invariant
Λ2 = Λ21 + Λ
2
3 − Λ22. Adopting the particular parameterization Λ1 = Λ sin a cosh b, Λ2 =
Λ sin a sinh b, and Λ3 = Λ cos a, Eq. (33) can be obtained, let’s say, from GˆΛ3 in Eq. (25) by
the unitary transformation
GˆΛ = (Tˆ (−a,b)23 )† GˆΛ3 Tˆ (−a,b)23 , where Tˆ (−a,b)23 = Gˆ−a2 Gˆb3 . (34)
Since GˆΓ in Eq. (33) is an element of sl(2,R), the irreducible representations also act on the
homogeneous polynomials of degree 2ℓ and parity ǫ = ± in Hχ.
13
i) Continuous diagonal representations:
Similar to Eq’s (24) and to the first set in Eq’s (28) for the subgroups, we now seek the
eigenvectors |hχ(γ)〉 ∈ Hχ of GˆΛ such that
GˆΛ |hχ(γ)〉 = ei A |hχ(γ)〉 , A ∈ R (35)
where A and |hχ(γ)〉 are to be found from the eigenproblem in Eq. (35). Eq. (34) suggests
that
|hχ(γ)〉 = (Tˆ (−a,b)23 )† |eχ3 (γ)〉 (36)
where A = −Λ in Eq. (35). Hence |hχ(γ)〉 spans the eigenspace of the unitary operator in
Eq. (33) with Λ, γ ∈ R. The orthonormality of the eigenbasis |hχ(γ)〉 is guaranteed by the
unitary transformation in Eq. (36) and the orthonormality of the eigenbasis |eχ3 (γ)〉. A phase
space representation for |hχ(γ)〉 similar to Eq’s (23) can be found by projecting it on the
phase space vector ~α as
〈~α|hχ(γ)〉 ≡ hχ(~α, γ) = 〈~α|(Tˆ (−a,b)23 )† |eχ3 (γ)〉 Tˆ (−a,b)23
(
α1
α2
)
= Ω3(b) Ω2(a)
(
α1
α2
)
(37)
where Ω2(a) and Ω3(b) are implied by Eq. (19). The unitary-canonical partner of Gˆ can be
found similarly as it was done for the subgroups. Defining Oˆ such that
GˆΛ Oˆζ = e−iΛ ζ Oˆζ GˆΛ (38)
we find
GˆΛ |hχ(γ)〉 = e−iΛ γ |hχ(γ)〉 , Oˆζ |hχ(γ)〉 ∼ |hχ(γ + ζ)〉
Oˆζ |kχ(η)〉 = eiζη |kχ(η)〉 , GˆΛ |kχ(η)〉 ∼ |kχ(η + Λ)〉
(39)
where we will again neglect the overall phases in the second column of the relations above.
The basis vectors in Eq. (39) are connected by the Fourier transformation
|kχ(η)〉 =
∫
dγ e−iγη |hχ(γ)〉 , |hχ(γ)〉 =
∫
dη eiγη |kχ(η)〉 (40)
and a similar automorphism to Eq. (32) at the vector level between |hχ(γ)〉 and |kχ(η)〉 as
well as to Eq. (5) at the operator level between Gˆ and Oˆ can be written.
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ii) Discrete diagonal representations:
In examining the discrete representations of the entire group we start with the diagonal ones
|eχ2 (m)〉 of Kˆ2 and associate with them the eigenfunctions
〈~α|eχ2 (m)〉 ≡ eχ2 (~α;m) = N (ℓ)2 (α21 + α22)ℓ (
α1 + iα2
α1 − iα2 )
m (41)
where N
(ℓ)
2 is a normalization based on an inner product 〈eχ2 (~α;m)|eχ2 (~α;m′)〉 = δm,m′ . For
the state in Eq. (41) we have
Kˆ2 |eχ2 (m)〉 = m |eχ2 (m)〉
Kˆ+ |eχ2 (m)〉 = −(ℓ−m) |eχ2 (m+ 1)〉
Kˆ− |eχ2 (m)〉 = (ℓ+m) |eχ2 (m− 1)〉
(42)
where Kˆ± = (Kˆ1 ± iKˆ3) and the Casimir element Kˆ2 = 1/2(Kˆ+Kˆ− + Kˆ−Kˆ+) − K22 has
eigenvalue ℓ(ℓ+1). In terms of the ℓ 6= 0 representation in Eq. (41) and (42), the continuous
representations that we used in Eq. (23) correspond to the ℓ = 0 case. A general eigenvector
for a group element in Eq. (33) can be found similarly as in the continuous case by redefining
~Λ = (Λ1,Λ2,Λ3) as, for instance, Λ1 = Λ sinh a
′ sin b′, Λ2 = Λ cosh a′, Λ3 = Λ sinh a′ cos b′
and the transformation
GˆΛ = (Tˆ (a′,b′)12 )† GˆΛ2 Tˆ (a
′,b′)
12 , where Tˆ (a
′,b′)
12 = Gˆa1 Gˆb2 . (43)
The eigenvectors |hχ(m)〉 of a general group element GˆΛ are then associated with the func-
tions in Hχ
〈~α|hχ(m)〉 ≡ hχ(~α;m) = 〈~α|(Tˆ (a′,b′)12 )† |eχ2 (m)〉 , Tˆ (a
′,b′)
12
(
α1
α2
)
= Ω2(−b′) Ω1(a′)
(
α1
α2
)
(44)
where Ω2(−b) and Ω1(a) are implied by Eq’s (19). To establish the representation of the
unitary canonical pair (Gˆ, Oˆ) in the discrete case we consider
GˆΛ Oˆr = e−iΛ r Oˆr GˆΛ (45)
corresponding to a change ζ → r ∈ Z in Eq. (38). For the system of eigenvectors we find
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GˆΛ |hχ(m)〉 = e−iΛm |hχ(m)〉 , Oˆr |hχ(m)〉 ∼ |hχ(m+ r)〉
Oˆr |kχ(η)〉 = eiηr |kχ(j, η)〉 , GˆΛ |kχ(η)〉 ∼ |kχ(η + Λ)〉
(46)
where Λ, η ∈ R. The eigenspaces are connected by the (discrete and continuous) Fourier
transformation as
kχ(~α; η) =
∑
m
e−iη m hχ(~α;m) , hχ(~α;m) =
∫
dη eimη kχ(~α; η) . (47)
The Eq’s (46) and (47) conclude our brief treatment of the unitary continuous phase space
representations of the canonical Gˆ, Oˆ pair in the weak matrix element sense.
III. IMPLICATIONS FOR THE HAMILTONIAN SYSTEMS WITH DYNAMICAL
SYMMETRY GROUP AND GENERALIZED ACTION-ANGLE OPERATORS
Recently an algebraic approach was studied by Wang and Chu28 in the solution of the one
dimensional inverse problem for the Hamiltonian systems with dynamical group symmetry.
In the simplest case of one dimension, the inverse problem reduces to that of finding an
operator regarding the dynamical symmetry group of the system such that it will be invariant
under either a certain subgroup or the entire group of canonical transformations. The
group of canonical transformations then naturally reflects the properties of the dynamical
symmetry of the system. For one dimensional autonomous systems, the invariant operator
under canonical transformations corresponds to the generalized action operator, by which
the Hamiltonian of the entire system can be fully described. In the following, we will
examine the quantum canonical transformation group as the dynamical symmetry group for
an Hamiltonian system and derive the equations of motion describing the time evolution of
the generalized quantum action-angle operators.
Let us assume that the Hamiltonian Hˆ describing the dynamics of a system with one degree
of freedom is represented by
Hˆ ≡ H(Kˆ1, Kˆ2, Kˆ3) (48)
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where Kˆj’s are the Hermitian generators of the sl(2,R) canonical transformation algebra
in Eq. (33). The simplest but a sufficiently general example of an Hamiltonian with a
dynamical group symmetry can then be obtained if the Hamiltonian is a real function of the
linear superposition of Kˆj’s as,
Hˆ = H(P Kˆ1 +QKˆ2 +RKˆ3) , P, Q,R ∈ R . (49)
Here, we do not make any assumptions aside from the one that H is a real valued and a well-
behaved function. Our focus will be on those unitary elements of the dynamical symmetry
group that can be described by
GˆΓ = e−iΓ (P Kˆ1+QKˆ2+RKˆ3) (50)
where the Hamiltonian in Eq. (49) becomes
Hˆ = H(i ∂
∂Γ
) GˆΓ
∣∣∣
Γ=0
. (51)
The time dependent eigenvectors |ψχγ (t)〉 of Hˆ and the eigenenergies in the continuous rep-
resentation are given by
〈~α|ψχγ (t)〉 = eiEγt hχ(~α, γ) , Eγ = H(γ) (52)
where hχ(~α, γ) is given by Eq. (37). Here, the unitary canonical partner Oˆ to Gˆ plays the
role of the unitary angle operator and is defined by Eq. (38). The time evolution of Oˆζ is
given by
i
d
dt
〈ψγ′ |Oˆζ |ψγ〉 = 〈ψγ′ | [Hˆ, Oˆζ ] |ψγ′〉 = −〈ψγ′ | Oˆζ|ψγ〉
{
H(γ + ζ)−H(γ)
}
. (53)
If we symbolically associate an Hermitian phase operator at ζ = 0 with
φˆ = −i d
dζ
Oˆζ
∣∣∣
ζ=0
(54)
Eq. (53) becomes, in terms of φˆ
lim
ζ→0
〈ψγ−ζ | d
dt
φˆ|ψγ〉 = −dEγ
dγ
lim
ζ→0
〈ψγ−ζ |ψγ〉 (55)
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which is the quantum analog of the classical equation of motion for the canonical angle
variable. Hence the unitary operator Oˆ should be considered as the quantum angle operator
which is the unitary canonical partner of the action operator Gˆ.
The properties of the dynamical group symmetry can also be examined by using the discrete
representation. In this case the Eq. (51) is still valid whereas (52) becomes
〈~α|ψχm(t)〉 = eiEmt hχ(~α;m) , Em = H(m) (56)
where 〈~α|ψχm(t)〉 are the time dependent eigenvectors, hχ(~α;m) is given by Eq. (44) and
Em = H(m) is the discrete eigenenergy spectrum depending on the discrete eigenstate index
m. The appropriate angle operator Oˆr in the discrete case has been studied in Eq. (45) and
(46). The nature of the operator Oˆr becomes more transparent if we examine the derivative
of Eq. (45) with respect to Λ at Λ = 0. This can be readily evaluated as
d
dΛ
→ Eq. (45)
∣∣∣
Λ=0
=⇒ [~n. ~ˆK, Oˆr] = −r Oˆr (57)
which is the generalized Susskind-Glogower-Carruthers-Nieto commutation relation5,7,15 for
the generalized radial number operator ~n.
~ˆ
K and the generalized unitary phase operator Oˆ.
The time evolution of Oˆr is then
i
d
dt
〈ψχm′ |Oˆr|ψχm〉 = 〈ψχm′ | [Hˆ, Oˆr] |ψχm〉 = −〈ψχm′ | Oˆr|ψχm〉
{
H(m+ r)−H(m)
}
(58)
which is the equation of motion for the unitary canonical angle operator of the generalized
oscillator with a discrete spectrum Em = H(m). Here, two results are in order. The first is
that we have found a correspondence between the classical and quantum AA formalisms for
Hamiltonian systems with a dynamical group symmetry of the type given by Eq. (49) and
(50). The second result is the equivalence of the quantum action operator to the generators
of canonical transformations as well as that of the unitary-canonical angle operator to the
unitary-canonical phase operator.
Although the continuous and discrete representations of the AA operators are similar, de-
pending on the continuous/discrete nature of the eigenenergy spectrum, one or the other is
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more convenient in the formulation of a physical problem. This will be more transparent in
the next section when we discuss the action-angle formalism of a generalized oscillator.
A. Implications for the generalized oscillator Hamiltonian and the quantum phase
operator
In this and the following sections we will refer to the appendix which includes some relevant
parts of Ref. [15]. There, it was shown that the quantum harmonic oscillator (QHO) algebra
is recovered in the infinite dimensional limit (i.e. D → ∞ hence q → 1) of the admissible
q-oscillator algebraic realization in Eq’s (A.4). The importance of the naturally emerging
admissible q-oscillator realizations is that they admit an algebraic formulation of the quan-
tum phase problem and also provide a natural basis to examine the harmonic oscillator
phase in the infinite dimensional limit of the algebra in Eq’s (A.4). Respecting the historical
development, we will nevertheless start with a brief outline of the phase problem using the
dynamical continuous symmetry group of the QHO. The generators Kˆi , (i = 1, 2, 3) of the
dynamical sl(2,R) symmetry of the QHO in the xˆ, pˆ representation are given by
Kˆ1 =
1
4
(xˆ2 − pˆ2) , Kˆ2 = 1
4
(xˆ2 + pˆ2) , Kˆ3 =
1
4
(xˆpˆ+ pˆxˆ) , [xˆ, pˆ] = i (59)
where the generators respect Eq’s (21). Our first attempt will be to find the unitary canonical
partner to Kˆ3 in Eq’s (59). With pˆ→ −i∂/∂x, the eigenproblem for Kˆ3 yields
Kˆ3 |ψ3(γ3)〉 = γ3 |ψ3(γ3)〉 , γ3 ∈ R , 〈x|ψ3(γ3)〉 = N3 x(2iγ3−1/2) (60)
where N3 is a normalization based on an inner product. Hence, for GˆΓ33 = e−iΓ3 Kˆ3 ,
GˆΓ33 |ψ3(γ3)〉 = e−iΓ3 γ3 |ψ3(γ3)〉 . (61)
The unitary canonical partner Oˆ3 to Gˆ3, such that Eq. (27) is satisfied for i = 3, can be
found following the steps leading to Eq’s (28-30). The Oˆζ3 operator for an arbitrary and real
ζ is given by
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Oˆζ3 =
∫∞
−∞ dγ3 |ψ(γ3 + ζ)〉 〈ψ(γ3)| , or equivalently by
Oˆζ3 =
∫∞
−∞ dη3 e
iζ η3 |ψ˜(η3)〉〈ψ˜(η3)| , where
|ψ˜(η3)〉 =
∫∞
−∞ dγ3 e
−iη3γ3 |ψ(γ3)〉
(62)
namely, the existence of Oˆ3 is manifested by the presence of a complete spectrum of Kˆ3 on
the real axis and, in return, Oˆ3 and Gˆ3 are connected by a Fourier automorphism. A similar
procedure can also be applied to Kˆ1 in Eq. (59) since the eigenspectrum of this operator
also spans the symmetric positive and negative values on the entire real axis. However,
there is a problem with the Kˆ2 operator. Because of the fact that Kˆ2 in Eq’s (59) is a non-
negative operator its eigenspectrum spans only the positive real axis. Hence, the Fourier
automorphism is not applicable to Kˆ2 and in return, the unitary canonical partner to Gˆ2
cannot be found. This problem has been attacked from a completely different perspective a
long time ago in the elegant work of Boyer and Wolf11 where they made use of the unitary
isomorphism between the radial representation of the dynamical SL(2,R) symmetry group
of the multi-dimensional QHO with an added centrifugal term of arbitrary strength and the
representation of the same group on the unit circle. Through this unitary mapping the space
of square integrable functions on the unit circle is an inner product space endowed with a
translationally invariant non-local measure. However, the drawback of this elegant method
is that, the unitary irreducible representations are not single-valued under full rotations
on the unit circle and this applies particularly to the standard one-dimensional quantum
harmonic oscillator.
The phase problem in the QHO being the central theme of this work, we suggest here and in
the following sections an alternative and, perhaps, a formally simpler way of looking into the
phase problem in the QHO. We will now start with the admissible q-oscillator realization in
Eq. (A.4) with the operators Aˆ, Aˆ† and Qˆ and approach the QHO algebra by extending D
to infinity. We formally express the generalized oscillator Hamiltonian as [in analogy with
Eq. (51)]
Hˆ = H(Nˆ) = H(q ∂/∂q) Qˆ
∣∣∣
q→1 (63)
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where the limit q → 1 is achieved simultaneously with D → ∞. The deformed algebra
defined by the elements Aˆ, Aˆ† and Qˆ is an admissible version of the well-known (deformed)
q-oscillator algebra naturally admitting real and non-negative norms in the finite dimensional
cyclic Hilbert space HD. Since the deformation parameter q = e
−iγ0 ~m×~m′ is a pure phase with
the property that qD = 1, the operators Aˆ, Aˆ†, Qˆ act on in the finite-D-dimensional cyclic
Fock space spanned by the cyclic orthonormal vectors {|n〉} = {|n〉0≤n≤(D−1); |n〉 = |n+D〉}
with 〈n′|n〉 = δn′,n as,
Aˆ |n〉 =
√
f(n) |n− 1〉
Aˆ† |n〉 =
√
f(n+ 1) |n+ 1〉
Qˆ |n〉 = qn |n〉 , q = e−iγ0 ~m×~m′
(64)
with 0 ≤ f(n) and f(n) = f(n+D) where
f(n) =
qn+(D−1)/2 − q−n−(D−1)/2
q − q−1 + C , C =
2
|q − q−1| 6= 0 . (65)
The algebra in Eq’s (A.4) and the relations (64) admit a unitary canonical partner to Qˆ, i.e.
the unitary quantum phase operator Eˆφ
Eˆφ =
D−1∑
n=0
|n− 1〉〈n| , EˆDφ ≡ I (66)
such that
QˆΓ Eˆλφ = qΓλ Eˆλφ QˆΓ , Γ, λ ∈ R . (67)
The eigenvectors of Eˆφ are {|φ〉} =
{
φ〉0≤r≤(D−1); |φ〉r+D ≡ |φ〉r
}
∈ HD with r′〈φ|φ〉r = δr′,r
where
Eˆφ |φ〉r = ei γ0r |φ〉r |φ〉r = 1√
D
D−1∑
n=0
ei γ0nr |n〉 γ0 = 2π
D
. (68)
The dynamical time evolution of Eˆφ for the generalized Hamiltonian in Eq. (63) is given by
Eq. (58) as
i d
dt
〈n′| Eˆrφ |n〉 = −〈n′| Eˆrφ |n〉
{
H(q ∂/∂q) (qn+r − qn)
∣∣∣
q→1
}
= −〈n′| Eˆrφ |n〉
{
H(n+ r)−H(n)
} (69)
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and a close inspection of Eq. (69) with (58) indicates that the pair (Qˆ, Eˆφ) is the correspond-
ing unitary action-angle pair for the Hamiltonian in Eq. (63). As mentioned before, the
q → 1 and the D → ∞ limits are to be taken simultaneously on both sides of Eq. (69). In
this limit the phase operator Eˆφ is the unitary version of the Hermitian Pegg-Barnett phase
operator29. Making use of the fact that Qˆ = qNˆ , Eq. (67) yields the Susskind-Glogower-
Carruthers-Nieto commutation relations5,7,15 for the operator pair (Nˆ, Eˆφ). Note that, the
QHO described by H = ω n yields the equation of motion for the phase operator in Eq. (69)
which is formally identical to the equation of motion of the canonical angle variable for
the classical harmonic oscillator. When we examine the quantum action-angle formalism of
the generalized quantum oscillator in section IV.B, the harmonic oscillator will be realized
in the specific limit when the dimension of the discrete phase space representations of the
generalized oscillator is extended to infinity.
IV. AN EQUIVALENT REALIZATION OF THE WIGNER FUNCTION BY (Gˆ, Oˆ)
A. A generalized approach to the AA Wigner function using continuous phase space
representations
It was shown that the generalized canonical phase space representation of a quantum system
can be given based on the duality between the discrete Wigner-Kirkwood and the unitary
cyclic Schwinger operator bases15,16 in Eq. (1). An alternative to this approach is to formulate
the same problem using the canonical transformation Gˆ and its unitary canonical partner
Oˆ.
The properties of (Gˆ, Oˆ) studied in sections II and III manifest a full analogy to those of
(Uˆ , Vˆ) in Eq’s (3-5). Among the four equivalent choices in (5), we define this analogy by the
correspondence
(Uˆ
Vˆ
)
⇔
(Oˆ
Gˆ
)
. (70)
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It is now suggestive to define a Schwinger operator basis labeled by ~τ = (τ1, τ2) ∈ R × R
and defined as
Σˆ~τ = e
−iτ1τ2/2 Oˆτ1 Gˆτ2 = eiτ1τ2/2 Gˆτ2 Oˆτ1 , (71)
Before we study the algebraic properties of Σˆ~τ , we look into some of the tracial properties
of Gˆ and Oˆ operators. Since we consider the continuum limit, it is more appropriate to
examine Gˆ and Oˆ in their continuous representation. Starting with Eq’s (39) we choose the
|hχ(γ)〉 basis for their representation as
Oˆτ1 =
∫ ∞
−∞
dγ |hχ(γ + τ1)〉〈hχ(γ)| , Gˆτ2 =
∫ ∞
−∞
dγ e−iτ2γ |hχ(γ)〉〈hχ(γ)| (72)
from which we obtain
Tr
{
Oˆτ1 Gˆτ2
}
=
∫ ∞
−∞
dγ′〈hχ(γ′)|
{
Oˆτ1 Gˆτ2
}
|hχ(γ′)〉 = 2π δ(τ1) δ(τ2) ≡ 2π δ(~τ) . (73)
Using Eq. (73) the properties of Σˆ~τ can be found in manifest analogy with those of Sˆ~m in
Eq’s (7) as
Σˆ†~τ = Σˆ−~τ
Tr
{
Σˆ~τ
}
= 2π δ(~τ)
Σˆ~τ Σˆ~τ ′ = e
i ~τ×~τ ′/2 Σˆ~τ+~τ ′
(Σˆ~τ Σˆ~τ ′) Σˆ~τ ′′ = Σˆ~τ (Σˆ~τ ′ Σˆ~τ ′′) (associativity)
Σˆ~0 = I (unit element)
Σˆ~τ Σˆ−~τ = I (inverse) .
(74)
Hence, the canonical transformation generator Gˆ and its unitary canonical partner Oˆ form
a continuous realization of Schwinger’s operator basis.
Using Eq (1) and the analogy manifested by Eq (70) we construct a dual form for the Wigner-
Kirkwood operator basis using the realization of the Schwinger basis defined in Eq’s (71) and
(74) as
∆ˆCT (~V ) =
∫
d~τ
2π
e−i ~τ×
~V Σˆ~τ , Σˆ~τ =
∫
d~V
2π
ei ~τ×
~V ∆ˆCT (~V ) (75)
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where the integrals are to be considered in R × R. Using the properties of Σˆ~τ it can be
shown that Eq’s (75) provide an operator basis for the Wigner function as
∆ˆCT (~V ) = ∆ˆ
†
CT (
~V )
∫ d~V
2π
∆ˆCT (~V ) = I
Tr
{
∆ˆCT (~V )
}
= I
Tr
{
∆ˆCT (~V ) ∆ˆCT (~V
′)
}
= δ(~V − ~V ′) .
(76)
The properties (76) are necessary and sufficient conditions in order to define a correspondence
between an arbitrary operator Fˆ and its Weyl-Wigner-Moyal (WWM) symbol f(~V )
Fˆ =
∫
d~V f(~V ) ∆ˆCT (~V ) , f(~V ) = Tr
{
Fˆ ∆ˆCT (~V )
}
(77)
with the condition that ‖Fˆ‖ = ∫ d~V |f(~V )|2 <∞. A few simple examples can be given
a) for Fˆ = GˆΛ
Using the same relations as in (a), the WWM symbol of GˆΛ is
gΛ(~V ) = Tr
{
GˆΛ ∆ˆCT (~V )
}
= e−iΛV1 (78)
and similarly
b) for Fˆ = Oˆζ
oζ(~V ) = Tr
{
Oˆζ ∆ˆCT (~V )
}
= eiζ V2 (79)
c) A particularly interesting case arises when the arbitrary operator Fˆ is invariant under a
specific unitary transformation by Σˆ~µ such that
Σˆ−~µ Fˆ Σˆ~µ = Fˆ . (80)
Such an operator has a translationally invariant WWM symbol
f(~V ) = f(~V + ~µ) (81)
where, since Λ is arbitrary, it is implied that f(~V ) is independent of ~V .~nµ where ~nµ = ~µ/|~µ|
is the unit vector in the ~µ direction.
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For Gˆ describing the elements of the dynamical symmetry group, ∆CT (~V ) corresponds to
the quantum action-angle operator representation of the Wigner-Kirkwood basis. Based on
the analogy in Eq. (70) and the generalized Wigner function defined in Eq. (8) we now define
a generalized action-angle Wigner function of an arbitrary quantum state |ψ〉 as
Wψ(~V ) = 〈ψ|∆CT (~V )|ψ〉 (82)
which can be expressed in the continuous action eigenbasis as
Wψ(~V ) =
∫ ∞
−∞
dτ1
2π
eiτ1 V2 〈ψ|hκ(V1 − τ1/2)〉 〈hκ(V1 + τ1/2)|ψ〉 (83)
and in the continuous angle eigenbasis as
Wψ(~V ) =
∫ ∞
−∞
dτ2
2π
e−iτ2 V1〈ψ|kχ(V2 − τ2/2)〉 〈kχ(V2 + τ2/2)|ψ〉 . (84)
Thus, Eq’s (8) and (82) are two equivalent phase space representations of the same quantum
system. The former is defined in a generic canonical basis (Uˆ , Vˆ), whereas the latter is
expressed in terms of the elements of the dynamical symmetry group of the same system.
In Eq’s (83) and (84) V1 and V2 are, by the WWM correspondence in Eq’s (78) and (79), the
generalized classical action-angle variables.
B. AA Wigner function for the generalized oscillator with the discrete phase space
representations
In the previous sections we examined the generalized theory of quantum action-angle formal-
ism using the continuous representations of the generalized action-angle operators. Here, we
particularize this formalism to that of the representations of a generalized oscillator with a
discrete spectrum in the finite -D- dimensional Hilbert space HD by constructing the unitary
canonical pair (Gˆ, Oˆ) as
(Gˆ
Oˆ
)
⇔
(EˆN
Eˆφ
)
(85)
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where EˆN = e−iγ0Nˆ with Nˆ as defined in Eq’s (A.3), (A.4) and (64). The unitary operator
Eˆφ corresponding to the unitary angle operator Oˆ above will be represented by the unitary
quantum phase operator defined in Eq’s (66), (67) and (68). To facilitate the correspondence
with the classical case, we switch from the generalized notation ~V = (V1, V2) of the action-
angle variables in section IV.A to the more standard one (J, θ). The realization of the action
angle Wigner-Kirkwood basis in the unitary number-phase basis (EˆN , Eˆφ) has been derived in
Ref. [15] for the generalized oscillator with discrete, cyclic and finite -D- dimensional Hilbert
space representations as
∆ˆCT (J, θ) =
1
2πD
∑
~m
ei(γ0m1J−m2θ) e−iγ0m1m2/2 Eˆm1N Eˆm2φ , ~m ∈ ZD × ZD . (86)
In the discrete case, the set of completeness relations analogous to the continuous ones in
Eq. (76) -by direct use of Eq. (86)- are
∆ˆCT (J, θ) = ∆ˆ
†
CT (J, θ)∫
dJ
∫
dθ ∆ˆCT (J, θ) = I
Tr
{
∆ˆCT (J, θ)
}
= 1/2π
Tr
{
∆ˆCT (J, θ) ∆ˆCT (J
′, θ′)
}
= 1/2π δ(J − J ′) δ(θ − θ′) .
(87)
The AA Wigner function of ∆ˆCT (J, θ) in a physical state |ψ〉 is then given by15
W (J, θ) = 〈ψ|∆ˆCT (J, θ)|ψ〉 = 1
2π
D−1∑
k=0
e−ikθ 〈ψ|J − k/2〉 〈J + k/2|ψ〉 , k ∈ Z (88)
where the states |J ± k/2〉 are vectors in continuously shifted Fock spaces.15 Here {|J ±
k/2〉; k = odd} ∈ F (α±1/2) and {|J ± k/2〉; k = even} ∈ F (α) with α satisfying the
conditions15 that 2(J − α) ∈ Z and α ∈ R[0, 1). The definition of an arbitrary vector
in the continuously shifted Fock space F (β) has been given in Ref. [15] by
|n+ β〉 ≡ 1√
D
D−1∑
ℓ=0
e−iγ0(n+β)ℓ |φ〉ℓ , β ∈ R[0, 1) , |n + β〉 ≡ |n+D + β〉 ∈ F (β) .
(89)
Now, let us take D →∞ in Eq. (86) and, using Eq. (89) examine Eq. (88) for |ψ〉 being
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a) a pure Fock state, i.e. |ψ〉p = |n〉 , n fixed
and
b) a typical mixed Fock state of the type |ψ〉m = (|n〉+ |n− 1〉)/
√
2 , n fixed .
a) For |ψ〉p, and after a short calculation, Eq. (88) can be evaluated in the limit D →∞ as
W (J, θ)
∣∣∣
p
=
1
2π
δ(n− J) (90)
The marginal probability distributions for the J or θ variables in the pure Fock state can
then be found by integrating over the other variable θ or J respectively as
P (J)
∣∣∣
p
≡ ∫ dθWp(J, θ) = δ(n− J) ,
P˜ (θ)
∣∣∣
p
≡ ∫ dJ Wp(J, θ) = 1/2π
(91)
which correctly describe the expected results for the pure Fock state.
b) The state |ψ〉m is the so called split state. For this state, using Eq. (89), we obtain
W (J, θ)
∣∣∣
m
=
1
4π
{
δ(n− J) + 2 δ(n− J − 1/2) cos θ + δ(n− J − 1)
}
. (92)
The marginal probability distributions yield for |ψ〉m
P (J)
∣∣∣
m
=
{
δ(n− J) + δ(n− J − 1)
}
/2
P˜ (θ)
∣∣∣
m
= (1 + cos θ)/2π
(93)
which are the correct action and angle probability distributions for the split state.
The Eq. (88) also provides the correct time dependence for the AA Wigner function in the
QHO limit. In order to observe this we will start with the generalized oscillator in Eq. (63).
The time dependence of the AA Wigner function is given by the standard expression
i
d
dt
Wψ(J, θ) = 〈ψ|[Hˆ, ∆ˆCT (J, θ)]|ψ〉 (94)
or, equivalently, in terms of the WWM symbol h(J, θ) of Hˆ as30
d
dt
Wψ(J, θ) =
{
h(J, θ) ∗Wψ(J, θ)−Wψ(J, θ) ∗ h(J, θ)
}
, ∗ = exp
{ i
2
[ ←∂
∂J
→
∂
∂θ
−
←
∂
∂θ
→
∂
∂J
]}
(95)
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where (h ∗Wψ −Wψ ∗ h) ≡
{
h,Wψ
}
MB
is the Moyal (sine) bracket.30 The calculation of
Eq. (95) requires the knowledge of h(J, θ). This can be obtained by using the completeness
equations in (87) and the Hamiltonian operator Hˆ in (63) as
Hˆ =
∫
dJ
∫
dθ h(J, θ) ∆ˆCT (J, θ) , where h(J, θ) = Tr
{
Hˆ∆ˆCT (J, θ)
}
. (96)
The trace operation can be conveniently carried in the discrete finite dimensional cyclic
eigenspace {|n〉} = {|n〉0≤n≤(D−1); |n + D〉 ≡ |n〉} of the Hamiltonian Hˆ. Since for the
diagonal matrix elements 〈n|∆ˆCT (J, θ)|n〉 = W (J, θ)
∣∣∣
p
are Wigner functions of the pure
Fock states, we can also directly use the expression (90) in the calculation of the trace. We
find that
h(J, θ) = H(J) (97)
Using Eq. (97) in Eq. (95)
d
dt
Wψ(J, θ) = −i
{
H(J + i
2
∂
∂θ
)−H(J − i
2
∂
∂θ
)
}
Wψ(J, θ) (98)
Eq. (98) is the equation of motion of the action-angle Wigner function for an arbitrary
generalized cyclic oscillator in Eq. (63). Now, we apply Eq. (98) to the QHO case where the
Hamiltonian in Eq. (63) is a linear operator of Nˆ , let us say H(Nˆ) = ω Nˆ with ω describing
the oscillator frequency. Then by Eq. (96) and (97), h(J, θ) = ω J . For the QHO Eq. (98)
then yields,
{ d
dt
− ω ∂
∂θ
}
Wψ(J, θ) = 0 , =⇒ θ = θ(t) = ω t (99)
namely, the time evolution of the QHO action-angle Wigner function in the phase space
takes place on the classical manifold (J = constant, θ = ω t) as expected. By Eq. (90), The
AA Wigner function for the pure Fock state is static. The full time dependent solution of
the AA Wigner function, for instance, for the split state and the corresponding marginal
probability distributions can be completely determined by inserting the solution of θ(t) in
Eq. (99) into Eq. (92) and (93).
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V. CONCLUSIONS
The canonical-algebraic connection between the quantum phase problem and the quantum
phase space has already been noticed by some other workers recently. In particular, using the
generators of the angular momentum su(2) algebra and its dual in terms of the Hermitian
canonical phase operators Vourdas has studied31 an equivalent canonical pair to (Gˆ, Oˆ) as
defined in this work. Our specific aim in this publication was to further the canonical
algebraic approach introduced in Ref. [15] to unify the formulation of quantum phase with
that of the algebraic theory of quantum canonical transformations. In this context, we
investigated the generators of quantum canonical transformations, their unitary canonical
partners in the Schwinger sense, as well as their action on the functions of canonical variables
of the quantum phase space, in particular the Wigner function. Through this connection,
the quantum phase is formally established as the unitary canonical partner of the quantum
action operator which is also demonstrated for the one dimensional generalized oscillator.
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APPENDIX
In Ref. [15] we have examined two subalgebraic realizations of the discrete-cyclic Schwinger
operator basis Sˆ~m. In the following we will have a brief summary of them. Based on a
fixed pair of vectors ~m, ~m′ the sine algebra generated by Sˆ~m supports two sub algebraic
realizations.15 The standard uqsl(2) sub algebraic realization is obtained by constructing
the generators
Jˆ− ≡ d Sˆ~m + d′ Sˆ~m′
Jˆ+ ≡ d∗ Sˆ−~m + d′∗ Sˆ−~m′
Lˆ ≡ Sˆ~m−~m′ = qJˆ3+D2
A.1
where d d′
∗
= d∗ d′ = −(q1/2 − q−1/2)−2 and q = e−iγ0 ~m×~m′ so that
Jˆ∓ Lˆ = q
± 1 Lˆ Jˆ∓ , [Jˆ−, Jˆ+] = − Lˆ− Lˆ
−1
q1/2 − q−1/2 = −[Jˆ3 +
D
2
] . A.2
This particular sub algebraic realization is sometimes referred as the magnetic translation
group.32
On the other hand, more importantly for the purpose of this work, a second class of sub
algebraic realizations exist in the form of an admissible q-oscillator algebra which can be
obtained by defining
Aˆ ≡ d Sˆ~m + d′ Sˆ~m′
Aˆ† ≡ d∗ Sˆ−~m + d′∗ Sˆ−~m′
Qˆ ≡ q−Nˆ−(D−1)/2 = q1/2 Sˆ−(~m−~m′)
A.3
where d d′
∗
= −d∗ d′ = −(q − q−1)−1 and q = e−iγ0 ~m×~m′ so that
Aˆ Qˆ = q−1 Qˆ Aˆ , Aˆ† Qˆ = q Qˆ Aˆ† ,
Aˆ† Aˆ = C + [Nˆ ] , such that
Aˆ Aˆ† − q Aˆ† Aˆ = (1− q)C + Qˆ
A.4
where [Nˆ ] = (Qˆ−1 − Qˆ)/(q − q−1) and C = (|sin(γ0 ~m × ~m′)|)−1. Eq’s (A.4) imply that the
q-oscillator spectrum is non-negative (i.e. 0 ≤ ‖Aˆ† Aˆ‖ where the spectrum is given by the
eigenvalues of the operator Aˆ† Aˆ = C + [Nˆ ]) which, further implies that the Hilbert space is
30
spanned by vectors with admissible (non-negative) norm. It was shown in Ref. [15] that the
admissible q-oscillator algebra in Eq. (A.3) and (A.4) is crucial in establishing a canonical-
algebraic approach to the quantum phase problem. Interested reader can find more detailed
discussions of the admissible q-oscillator realizations therein.
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